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Abstract
(2+1)-dimensional Georgi-Glashow model is explored in the regime when the Higgs boson is not
innitely heavy, but its mass is rather of the same order of magnitude as the mass of the W
boson. In the weak-coupling limit, the Debye mass of the dual photon and the expression for the
monopole potential are found. The cumulant expansion applied to the average over the Higgs eld
is checked to be convergent for the known data on the monopole fugacity. These results are further
generalized to the SU(N)-case. In particular, it is found that the requirement of convergence of
the cumulant expansion establishes a certain upper bound on the number of colours. This bound,
expressed in terms of the parameter of the weak-coupling approximation, allows the number of
colours to be large enough. Finally, the string tension and the coupling constant of the so-called
rigidity term of the conning string are found at arbitrary number of colours.
1 Introduction
Since the second half of the seventies [1], (2+1)-dimensional Georgi-Glashow model is known as an
example of the theory allowing for an analytic description of connement. However, connement
in the Georgi-Glashow model is typically discussed in the limit of innitely large Higgs-boson
mass, when the model is reduced to compact QED. In ref. [2], possible influence of the Higgs
eld to the dynamics of the Georgi-Glashow model has been studied both at zero and nonzero
temperatures. This has been done not only under the assumption that the Higgs-eld mass is
nite rather than innite, which allows this eld to propagate, but in the Bogomolny-Prasad-
Sommereld (BPS) limit [3]. This is the limit when the Higgs eld is much lighter than the W
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boson (but is still much heavier than the dual photon). The rst aim of the present paper is to
generalize the zero-temperature results of ref. [2] to the case when the mass of the Higgs boson is
of the same order of magnitude as the mass of the W boson. This situation is thus intermediate
between the BPS limit and the limit of compact QED. In this way, we shall nd the monopole
potential and the Debye mass, and prove the convergence of the cumulant expansion associated
to the average over the Higgs eld. This will be done in the next Section.
Another aim of the present paper, which will be realized in Section 3, is to generalize this
analysis to the SU(N)-case. The Debye mass and the parameter of the cumulant expansion will
then be N -dependent quantities. The N -dependence of the latter will yield a certain upper bound
on N necessary to ensure the convergence of the cumulant expansion. This bound will turn out to
be the exponent of the inverse parameter of the weak-coupling approximation, that will allow N
to vary in a wide enough range. We shall also nd the values of the two leading coupling constants
of the conning-string Lagrangian at arbitrary N .
The main results of the paper will be summarized in the Conclusions. In the Appendix, some
technical details of the performed calculations will nally be outlined.
2 SU(2)-case





















Here, the Higgs eld a transforms by the adjoint representation and Dµ
a  @µa + "abcAbµc.
Next,  is the Higgs coupling constant of dimensionality [mass],  is the Higgs v.e.v. of dimen-
sionality [mass]1/2, and g is the electric coupling constant of the same dimensionality.
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 2 − 2egmψ cos(gm)
]
: (2)
Here,  is the dual-photon eld, and the eld  accounts for the Higgs eld, when it is not innitely
heavy (i.e. one deviates from the compact-QED limit). Next, gm is the magnetic coupling constant
related to the electric one as gmg = 4. The Higgs-boson mass, mH , reads mH = 
p
2, and the













In this formula, mW = g stands for the W-boson mass, and  = (=g
2) is a certain monotonic,
slowly varying function,   1, (0) = 1 [3], (1) ’ 1:787 [5]. As far as the function  is concerned,
it is determined by the loop corrections. It is known [6] that this function grows in the vicinity of
the origin (i.e. in the BPS limit). However, the speed of this growth is so that it does not spoil
the exponential smallness of  in the standard weak-coupling regime g2  mW (or g  ) which
we adapt in this paper.












d3xd3y cos(gm(x))K(x− y) cos(gm(y)): (4)
In this expression, we have disregarded all the cumulants of the orders higher than the second, and
the limits of applicability of this so-called bilocal approximation will be discussed below. In eq. (4),
K(x)  eg2mDmH (x) − 1 with DmH (x)  e−mH jxj=(4jxj) standing for the Higgs-eld propagator,
and


















denotes the modied fugacity. In the derivation of eq. (5), we have in the standard way set mW
for the UV cuto in the weak-coupling regime and denoted c  mH=mW .
As it is clear from eq. (4), the compact-QED limit is achieved when mH formally tends to
innity, i.e. c ! 1. In ref. [2], there has been explored the opposite, BPS, limit c  1. Since
DmH (x − y)  mH , one can impose the inequality g2mmH  1, which together with the weak-











d3xd3y cos(gm(x))DmH (x− y) cos(gm(y)):
Note that according to eq. (5), the modied fugacity  remains to be exponentially small in this





and secondly because, as it was discussed above,
according to ref. [6], the function  entering eq. (3) grows at c  1 slower than exponentially.
Next, the fact that DmH (x) rapidly vanishes at jxj ! 1 enables one to estimate the parameter
of the cumulant expansion, which in this case reads g2m
∫




H . This quantity
is exponentially small due to the exponential smallness of , which proves the convergence of the
cumulant expansion.
In what follows, we shall explore the action (4) in the regime intermediate between the BPS-
and compact-QED limits, namely c  1. First of all note that since c2 = 2=g2,  will be
exponentially small provided that (x) > e−
p
2x=2 at x  1=2. One can see that this inequality is
always satised, since its r.h.s. is not larger than 1/2, while   1. Next, analogously to the case
c 1, by noting that K(x) rapidly vanishes at jxj ! 1, the parameter of the cumulant expansion
can be estimated as I, where I  ∫ d3xK(x). This integral is evaluated in the Appendix. At
a
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the incomplete Gamma-function. In the case c  1 under study, the sum entering eq. (6) contains
a few terms, among whose the dominant one is of the order of a. These terms can thus be
disregarded with respect to the term of the order of ea standing in that equation, and we nally










. Consequently, the parameter of the cumulant expansion, I,
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2x at x  1=2. In particular, we should
have (1=2) > 3=(2e) ’ 0:552, which is clearly true, since   1. Thus, cumulant expansion is
convergent in the case c  1 under study.
One can further straightforwardly read o from eq. (4) the squared Debye mass of the dual
photon. It has the form m2D = 2g
2
m(1+2I), where as it was just discussed, the second term in the
brackets is exponentially small with respect to the rst one, and therefore mD = gm
p
2(1 + I).
Obviously, unity and I here are the contributions to mD brought about by the rst and the
second cumulants in eq. (4), respectively. Note also that this result for mD obviously reproduces
the compact-QED one (see e.g. [2]), gm
p
2. Indeed, at mH !1,  !  and, as it follows directly
from the denition of I, I ! 0, that proves our statement.
Similarly to how it was done for the case c 1 in ref. [2], it is also possible in our case c  1
to derive the representation of the action (4) in terms of dynamical monopole densities ’s. To


































where   igm. This equation can be solved iteratively by imposing the Ansatz  = 1 + 2





















V∂ ln ξ ’
2(1 + 2I), where V is the 3D-volume of observation. Therefore, at jj  , we have f  1,
j1j  jj=, and j2j  Ij1j  j1j thus justifying our Ansatz. The obtained solution to the





d3xd3y(x)D0(x− y)(y) + V []: (8)















Note that the multivaluedness of this potential realizes the world-sheet independence of the Wilson
loop in the theory (4). This is the essence of the string representation of the Georgi-Glashow model,
discussed for the compact-QED limit, c!1, in ref. [7] and for the BPS-limit, c 1, in ref. [2].
Note also that at very low densities, jj  , up to an inessential constant adden-
dum, V [] ’ g2m
2m2D
∫
d3x2, i.e. the action (8) becomes quadratic. Therefore, in this limit,
any (even) correlator of ’s can be evaluated explicitly. In particular, the bilocal one reads
4
h(x)(0)i = −(mD=gm)2r2DmD(x) ’ 2(1 + 2I)(x), where in the derivation of the last equal-
ity we have used the exponential smallness of mD. This yields the average squared density:
2 = V−1 ∫ d3x h(x)(0)i ’ 2V−1(1 + 2I). Next, at jj  , the average distance between
monopoles, r, is not smaller than −1/3. The volume of observation, V, should be much larger
than r3 and therefore V is much larger than −1 as well. This yields the relation 2  V−1  2,
which justies the initial approximation jj  .
3 SU(N)-case




















Here, ~qi’s are the positive root vectors of the group SU(N). As well as the eld ~, these vectors
are (N − 1)-dimensional. Note that the SU(3)-version of the action (9), which incorporates the
eects of the Higgs eld, has been discussed in ref. [2]. The compact-QED limit of the SU(N)-case
has been studied in refs. [8], [9], and [10]. The string representation of the compact-QED limit
has been studied for the SU(3)-case in ref. [11] both in 3D and 4D. Here, similarly to all the
above-mentioned papers, we have assumed that W bosons corresponding to dierent root vectors
have the same masses.


















cos (gm~qi~(x))K(x− y) cos (gm~qj~(y)) : (10)





i / αβ . The proportionality coecient which should stand on the r.h.s. of this
relation can easily be found from the requirement that all root vectors have the unit length.
This coecient is equal to (N=2), and the square of the Debye mass turns out to be m2D =
g2mN [1 + IN(N − 1)]. Note that this formula reproduces both the SU(2)-result of the previous
Section and the SU(3)-result of the compact-QED limit [11], [2] m2D = 3g
2
m .
The new parameter of the cumulant expansion, IN(N − 1), will be exponentially small pro-













Setting in this inequality x = 1=2 and recalling that 1 (1=2) < (1) ’ 1:787, we obtain the
following upper bound onN , which guarantees the convergence of the cumulant expansion: N(N−
1Similarly to ref. [10], we assume here that the function  is one and the same for any N .
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1) < e15.522mW /g
2
. Clearly, in the weak-coupling regime under study, this bound is exponentially
large, that allows N to be large enough too.
Next, the representation of the theory with the action (10) in terms of the monopole densities

























The analogue of the saddle-point equation (7) then reads
sinh(i(x))









where j  igm~qj~. Solving this equation iteratively with the Ansatz i = 1i + 2i , where
j2j j  j1j j, we obtain:



























V∂ ln ξ ’ N(N−1)[1+IN(N−1)], that, in particular, reproduces the SU(2)-result. There-
fore, the average density of monopoles of only one kind is of the order of . Thus, at jij  ,
Fi  1, j1i j  jij=(
p
N), and j2i j  IN(N − 1)j1i j. The quantity j2i j=j1i j is therefore of the
order of the parameter of the cumulant expansion, that justies the adapted Ansatz. The desired



















































One can further naively assume that the criterion of the low-density approximation has the
form jij 
p
N (although the average density of monopoles of one kind was discussed to be
of the order of ). Indeed, similarly to the SU(2)-case, already under this inequality, the poten-













2i . Consequently, the bilocal correlator of monopole den-
sities reads
hi(x)j(0)i = −(mD=gm)2ijr2DmD(x) ’ N [1 + IN(N − 1)]ij(x);
and, in particular, the SU(2)-result obviously recovers itself. Therefore, the average squared
density of monopoles of any kind has the form: 2i ’ NV−1[1 + IN(N − 1)]  NV−1. The
inequality 2i  N2, necessary for the justication of the initial approximation, will thus be
satised provided that V  1. For the densities jij 
p
N, we however have V  r3i 
N−1/2−1 (where ri is an average distance between the monopoles of the i-th kind), i.e. V 
N−1/2, rather than V  1. The initial naive low-density approximation jij 
p
N, which
ensures the factorization of the potential, is then fully justied for not too large N , i.e. it should
be replaced by the right one, jij  . In another words, for too large N , the requirement
jij 
p
N becomes no more the low-density approximation, since it then allows jij to exceed
signicantly its average value, which is of the order of .
Note nally that the obtained results lead to obvious modications of the values of the
conning-string coupling constants (string tension, coupling constant of the rigidity term, and
so on). These modications, which are due to the change of the Debye mass of the dual photon,
can be accounted for by virtue of the formulae obtained in ref. [13]. One should also take into
account that the charges of quarks are distributed over the lattice of weight vectors of the group
SU(N), whose squares are equal to (N − 1)=(2N). We nally obtain the following values of the























In the present paper, we have explored the influence of the Higgs eld to the dynamics of the
(2+1)D Georgi-Glashow model and its SU(N)-generalization. To this end, the Higgs eld was
not supposed to be innitely heavy, as it takes place in the compact-QED limit of the model.
Owing to this fact, the Higgs eld starts propagating, that leads to the additional interaction
between monopoles and, consequently, to the modication of the conventional sine-Gordon theory
of the dual-photon eld. Contrary to the previous analysis, performed in ref. [2] in the BPS limit,
in the present paper the Higgs-boson mass was considered to be of the order of the W-boson
mass. In this regime, combined with the standard weak-coupling approximation, the Debye mass
of the dual photon and the potential of monopole densities have been found. In the low-density
limit, the latter enables one to evaluate correlators of densities to any order. There has also been
demonstrated that the existing data on the monopole fugacity provide the convergence of the
cumulant expansion, which is used for the average over the Higgs eld. This justies the bilocal
approximation adapted for the performed analysis.
After that, the above-described investigation has been generalized to the case of the SU(N)
Georgi-Glashow model with N  2. The results obtained in this way reproduce, in particular, the
respective (N = 2)-ones. There has also been found the upper bound for N , necessary to ensure
the convergence of the above-mentioned cumulant expansion. This bound is a certain exponent
7
of the ratio of the W-boson mass to the squared electric coupling constant. It is therefore an
exponentially large quantity in the weak-coupling regime, that yields an enough broad range for
the variation of N . Finally, we have found the values of the two leading coupling constants of the
conning-string Lagrangian at arbitrary N .
5 Acknowledgments
The author is greatful for useful discussions to Prof. A. Di Giacomo and Dr. N.O. Agasian. He
is also greatful to Prof. A. Di Giacomo and to the whole sta of the Physics Department of the
University of Pisa for cordial hospitality. This work has been supported by INFN and partially
by the INTAS grant Open Call 2000, Project No. 110.
Appendix. Evaluation of the integral
∫
d3xK(x).
Setting, as everywhere else in this paper, mW for an UV cuto and using the notations for a, c,


















































Clearly, in the derivation of the last equality, we have used the asymptotics of the incomplete
Gamma-function at large values of its second argument: Γ(3−n; cn) ’ (cn)2−ne−cn. The last sum








































, where γ ’ 0:577 is the
Euler constant, and Ei denotes the integral exponential function. However, in the interesting to
us case c  1, a  1, such a representation of that sum does not help when one tries to express































(ez − 1) ; (A:3)
where z  a
c


















































+ (e− 1) ln a;
where in the derivation of the last equality we have kept the terms leading in a and (a=c). Together
with the rst sum standing on the r.h.s. of eq. (A.2) this nally yields eq. (6) of the main text.
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